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Effect of Dynamical Non-Neutrality on the Modulational Instability of a Laser in
Hot Magnetized Plasma

Sepehri Javan, Nasser; Ruhi Erdi, Faranak
Department of Physics, University of Mohaghegh Ardabili, Ardabil, Iran

Abstract- Modulational instability of short laser pulse in hot magnetized plasma is investigated. Nonlinear propagation equation of
laser with finite longitudinal and transverse structure in plasma is obtained. Effect of plasma non-neutrality caused by the
ponderomotive force on the modulational instability growth rate is studied. It is shown that increase in the intensity until specific
value can increase the growth rate then increase in it causes the decrease in the growth rate because of the exiting of electrons from
interactional zone via ponderomotive force. Also, effect of essential parameters such as external magnetic field, state of polarization
and pulse length on the instability are investigated.
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1 Introduction

Modulational instability (MI) is one of the
fundamental phenomena in the nonlinear waves
theory; the phenomenon that plays major role in
different kinds of the nonlinear processes such as
envelope solitons, envelope shocks, freak waves,
etc. Pondermotive force originated from the
electromagnetic (EM) wave stimulates low
frequency perturbations of the electron density;
then, they interact with the primary high frequency
EM wave in which the amplitude of the pump
wave becomes modulated, and the MI of the EM
wave occurs. This phenomenon was predicted by
Benjamin and Feir [1] for hydrodynamical waves
and by Bespalov and Talanov [2] for EM waves in
the nonlinear media with a cubic nonlinearity. The
examples of MI from water wave hydrodynamics,
electrodynamics, nonlinear optics, and convection
theory can be found in Ref. [3]. The MI of a laser
pulse in the cold plasma has been studied in
several works [4]. Already, effect of temperature
on the MI in quasi-neutral plasma has been
investigated by Sepehri Javan [5]. In this work, we
have studied the effect of plasma wake-field
caused by the ponderomotive force on the Ml.

2 Deriving Nonlinear Wave Equation

We consider the propagation of circularly
polarized EM wave along the external magnetic

field B,=B,€, in the hot plasma. From

Maxwell's equation, we can write wave equation as
1 0°A _,, 4rn

— -V°:A=—1, 1
c® ot c @

where A is the vector potential, ¢ is the speed of
light, J=—(n, +n,,)ev, is the current density of

electrons of plasma, n, is the density of electron

is the

density of electrons caused by wake-field, v, is

the transversal velocity of electron, and € is the
magnitude of electron charge. Now, we write the
relativistic fluid momentum equation for electrons
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where p=p, +p, is the momentum of electron,

7. =1+ p?/mic® is the relativistic Lorentz

in the quasi-neutral approximation, n

w
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factor of electron, m, is the electron rest mass, ¢,
and ¢, are ambipolar and wake-field scalar
potentials, respectively, @, =eB,/m,c is the
electron cyclotron frequency, kg is the Boltzmann
constant and T, is the temperature of electrons.

We consider the vector potential of laser wave as
following
A:%A(éx +ic8,)exp(-imt +ikz)+cc.  (3)

where @,,K, are the frequency and wave number,
o=+1-1 denotes the right- and left-hand
circularly polarized wave, and ,&(z,t) is the
slowly varying amplitude. Inserting “Equation (3)”
into “Equation (2)”, and assuming V, <<V, we
can find that “Equation (2)” is satisfied by [5]
A

l-ouwl Ve '

V@, - 4. + Z2) -In(C)38, =0, (5)
27/9 nO

(4)

P,

Where P, =p,/mgc, A=eA/mc’,
O, =ep, Ik;T,, a=w,/w, and n, is

unperturbed density. Integrating “Equation (5)”,
we can write

N, =nyep[-x(y, ~1-cx [P, [ 127.)],  (6)
Where k=8 11+5",6=T,IT,, B.=c’IV}
and V.2 =kgT,/m,. Neglecting nonlinear terms
of p, and taking into account wake-field potential
®,,, We can write

10p, _ VO, — 1 V|AP
c ot 2v.1—oly,)

where P, =p,/mgc, and @, =eq, /m,’.
Now, we write the continuity equation as below

g(nq +n,)+V.[(N, +1,)v,]=0, (8)

()

Sentences such as n,V.v, and v,.Vn, are weak
and we neglect them. Also, we neglect from
spatial-temporal variations of n,. For weakly

relativistic  laser intensity, we can write

Ve :1+‘5 ‘2/2. Finally, continuity equation will

be as
1on
Y 4+nVp, =0. 9
cat P, 9)
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Now, we write Poisson's equation as below
‘@, =k:n,/ng, (10)

where Kk, =, /c=/4ne”/mc’ . Combining
“Equations (7), (9), and (10)”, yields to

n 1
(Gt kﬁ)—w -
cot n, 2y.l—ouly,)
The solution to “Equation (11)” is

1. ' N '
n, czjosm[a)p(t—t V2 AP dt
Ny Za)pye(l_mlj/e)
Let us consider a normalized intensity profile as
— ~2
\A\Z :\A\ = AZsin?(z£ 1 L) exp(=2r2 /12) (13)
where L, r, r, are pulse length, radial coordinate
in cylindrical system, and spot size, respectively
E=1 —Vgt . Thus, density of wake-field will be
0o 27’ Aln, e><p(—2r2/r52)><
YR, /L) —0p] (7 - o)

8 2r 4 . E L. ol
{1+ = (1—F)}S|n[a)p (z+ﬁg)]sm(2v¢g)
From “Equation (4)”, we can obtain
Vv, =(y, —ou)eAl(mc), (15)
Taking “Equations (6), (14), and (15)” into
consideration, for the weakly relativistic laser

intensity, we can derive the nonlinear current
density as the following

2
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, (12)
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where P:(l—ax)‘l(l—|A| (1—oa)-3/2).
Substituting “Equation (13)” into “Equation (1)”,
integrating it with respect to r, saving only second
order of | A| and exerting the condition of slowly
varying amplitude, we finally obtain

(16)

7= r—)]Sln[w (—+—)]Sln(—)}

: Ny da
(io, +TCOt( ) P

L 2 7)
/4 da loa =
—cot 1-— V —+=——->+D,a=0
LCO( ) )8§ 2007 N8
where 7=ot, (=o/lc, o,=w,/o,,
L= w,Llc,V, :V /c, a= eA/mc
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and [, = r/c, k,=ck /o,.

3 Modulational Instability

To derive the dispersion relation for MI, we use the
well-known method in which we suppose

a=(a,+a)ep(Ar+ing),

where @, is areal parameter, a, >>| &, |, and
n=-@,(, ~1IV,) £ \J@2(V, ~1IV,)? +26
A=, ~1IV,)7, (19)
and also 6 =D, ,_, ,- Using “Equation (18)” in
“Equation (17)” and linearizing it we can obtain

(18)

(m)o+”|\_/ cot(ﬁg))éal ( (1-V2)cot(= §)+m) %

o
10%a,
o 0. 20
s o - +0(a, +a;) = (20)
We assume
a,= X +iY 21)
where X = Xe 7K Y =Yg K sing

“Equation (21) in “Equation (20)” leads to the
following dispersion relation

2 v,
[@f + ”Eizgcotz(g)]ﬂ2 -[2Kna, - fgcot(g)

ZHZV w 7K
X @a- V ?) cot? (= )+
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4
K ik (22

+K

|7zK3 2|7r0K

@- V )cot( )— @a- V )cot( ) 0

The posmve |mag|nary part of frequency |n this
dispersion relation is the growth rate of M.

4 Numerical Discussions

We have supposed Nd:YaG laser with frequency

=1.88x10"s™, a,=0.1 and r, =15m.
Figure 1-a shows variation of growth rate with
respect to K for three different values of the pulse
length when @, =2.5, ¢ =0.2 and a,=0.15. It
is observed that the growth rate increases with
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exerting external magnetic field for the right-hand
polarization.  Inversely, for the left-hand
polarization, growth rate decreases by using
magnetic field. Also we can see that the growth
rate with increasing pulse length acquires different
values. In figure 1-b we have plotted growth rate as
a function of K for three different values of the

laser pulse intensity with @, =10, a=0.2 and

L =207 . In this case growth rate increases with
the increase of the laser pulse intensity until
specific value, then increase of the intensity causes
decrease of the growth rate.

5 Conclusions

We have investigated the MI of short laser pulse in
hot magnetized plasma. Effect of external
magnetic field, state of polarization, pulse length,
and laser pulse intensity on the instability has been
studied. It is observed that existence of magnetic
field enhances the growth rate of the instability for
the right-hand polarization. Inversely, for the left-
hand polarization, magnetization of plasma causes
the decrease of growth rate. The growth rate
increases with the increases of the laser pulse
intensity until specific value, then because of the
exiting of electrons from interactional zone via
ponderomotive force, increase of the intensity
causes decrease of the growth rate.
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Figure 1: growth rate I"as a function of K for (a)
three different pulse length and o =410 (b) three

different laser pulse intensity and o =+1.
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