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Stability of Dark Solitons In PZ-symmetric Nonlinear Couplers
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Abstract- In this paper we derive analytical dark soliton solutions in a nonlinear P7-symmetric coupler with gain in one
waveguide and loss in the other in normal dispersion regime by using perturbation method. The usual solutions of
noncoupled equations are dark solitons. Evaluating perturbation analytically shows that perturbations which guaranty
the stability are in two forms of bright and dark solitons. However, in systems with the usual solutions of bright
solitons, only a bright soliton perturbation satisfies the stability.
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1 Introduction

There has been a revolution in nonlinear physics
over the past twenty years. Wave propagation
models of physical media are naturally separated
into two generic classes, conservative and
dissipative. Recently, it was recognized that a more
particular species of P7 (parity-time)-symmetric
systems may be identified at the boundary between
these generic types which remain invariant under
the combination of parity and time-reversal
symmetry operation [1, 2]. They are represented by
dissipative quantum mechanical models, and by
classical waveguides. The concept has its roots in
quantum mechanics where a P7-symmetric non-
Hermitian Hamiltonian may have an entirely real
spectrum of eigenvalues [3].

The first experimental demonstrations of the P7-
symmetric effects in optics were in two waveguide
directional  linear couplers composed of
waveguides with gain and loss [4]. Such systems
are described by non-Hermitian Hamiltonians.

In quantum mechanics, the 2P7-symmetric
potential satisfiesv(x)=v*(-X) ,*, denoting complex
conjugation [5, 6].

In nonlinear optics, the P7-symmetric potential
is introduced by a complex refractive-index
distribution n(x)=ng(x)+in_(x) , which obey the
condition n(x)=n*(-x) ,ng(x) stands for refractive

index profile and the imaginary part,

n_(x), represent the gain (+) or loss (-) in the
system. Stable bright spatial solitons with PT-
symmetric potentials have been reported recently
[7].

However the stability of dark solitons in P7-
symmetric potentials in a nonlinear coupler with
gain and loss is less studied.

In this paper, at first we obtain analytical solution
of dynamical equations of dark solitons in
nonlinear P7-symmetric couplers and then
discuss about the stability of these solutions.

2 Theory

Linear and nonlinear P7-symmetric coupler with
gain and loss in its two coupled waveguides has
been studied theoretically and experimentally [3, 4,
and 8].

In general form models which describes the
spatial ore temporal propagation of light in planar
optical waveguide and fiber coupler, are based on
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nonlinear Schrddinger (NLS) equations, coupled
by the linear terms which indicate the tunnelling of
light. To describe the temporal propagation of
beams and pulses in P7T-symmetric nonlinear
coupler the following two coupled dimensionless
equations have been derived:
iu, Tru,,+2|u|2u:—v+i7u M
iV, TV, +2|v|2v=-u -iyv.

Here u and v are the normalized amplitudes
variables in the top and bottom waveguides, z and
7 indicate the length of fiber and normalized time,
respectively. Plus and minus signs are stand for
anomalous and normal dispersion respectively.
Two kinds of solitons have been discovered
depending on dispersion sign. Bright solitons
correspond to the positive sign and can be obtained
by a  solution in the form of
u(z,7) = Asech(z,7)exp(iA%z) in anomalous regime.
Similar to the case of bright solitons, dark solitons
correspond to negative sign of dispersion. This
means they occur in normal dispersive regimes.
They were discovered in 1973 and have attracted
considerable attention since now [9-11]. The main
difference compared with the case of bright
solitons is that the domains of these solutions
become a constant as |r| — o .

To investigate the soliton solution in a P7-
symmetric nonlinear coupler a simple object
composed a pair of nonlinearly coupled optical
fibers is considered.
A schematic figure of a temporal P7-symmetric is
shown in figure (1).
To satisfy the PJ-symmetric condition we
assume that the group velocities and second-order
dispersion in waveguides are the same.
The coefficients in front of u,, and v,, are unity
and Kerr nonlinearity coefficients in two wave
guides have equal values, which is necessary for
the existence of solitons [12].

N\ y
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Figure 1: Scheme of nonlinear PT-symmetric
coupler with gain in top waveguide and loss in
bottom waveguide
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The first term in right hand sides of equation (1)
is related to coupling between the modes
propagating in the two waveguides. The y terms
stand for the gain in one waveguide and loss in the
other. Without loss of generality y can be taken be
positive, this means we have gain in the top and
loss in the bottom waveguide. The gain and loss
coefficients are taken equal to confirm the PT-
symmetric condition [4].

2.1  Analytical solutions

In order to analyse Equation (1), it is convenient
to represent the variables in the following form:
u(z,z)=exp(i(Qz-60))U(z,7), 2)
v( z,7)=exp(i(Q22) )V(z,7) (
Where @ is a constant angle, satisfy:
sing=y (©)

And Q is a real parameter which be chosen later.
The substitution of Equation (2) into Equation (1)
leads to:

iU, -U,, -QU +2U[°U =cos OV +iy(U -W)

(4)
iV, -V, -QV +2V[*V = -cos0U +iy(U -V).

By applying U=V =¢ Equations (4) reduce into:
ig, - 4. -a% g+ 24" 9=0 5)

Herea? =Q—cos@.

By solving Equation (5) without loss of generality
we reach into familiar dark soliton solution:
#(z,7)=atanh(ar )exp( ia%z2) (6)

We will be denoting, Equation (3), we will

have cos @ =+4/1— 2 , and solitons exists only if

y=<1.

To solve coupled equations, we used perturbation
method. In this method we take:
U(z,r)=¢(7)+M(z,7) 7
V(z,r)=¢(7)+V(z,7) (
and using symmetric and asymmetric combinations
p:(SU+éV q:cSU—éV ®)

NP J2
in linearized Equation (4) in sU and &V .

As we consider a separable solution for the
linearized equation in the form of
p=exp(W)[(p1 +ip2)cos wt + (p1 +ip2)sin at],
q=exp(w)[(az +i03)cos wt + (g7 +idz)sin at].

(9)

In these equations we use

Py =p1+ipf, P2 =Pz +ip3
Oy =0 +idg 0z =02 +i03
By introducing the operator
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We reach into two eigenvalue problems.
(L—cos )P +2)4q = 1p
(L+cos6)q =dq
These equations have the matrix form as

L —cosé 21

( 0 L +cos HJ
The skew-symmetric matrix, "J" is
o)
J=
1 0

The matrix in Equation (11) has two eigenvectors.

(10)
(11)

(12)

Oneis [8] and the second one is(gj )

P1 O1
We have: p= ( Jq ( J
P2 g2

The first one is a linearized problem for
unperturbed cubic Schrédinger equation and the
spectrum of x is stable. For the second

eigenvector,  Equation  (10) becomes a
nonhomogeneous equation and so it does not have
any nonzero eigenvalues. Therefor the stability
analysis reduces to solve Equation (11).

Defining X =ax, A :72 and introducing
a
n=2 COSQ , the eigenvalue problem (10) can be
a

written as

('—1“7 0 J[%j:/u((h}
0 Ly+n a2 d2

Here Ly, are the scalar Sturm-Liouville operators

2
Lozd/ , +1-2tanh? X
Ll_d/ , +1-6tanh? X

The lowest eigenvalue of L, for the
eigenfunction sech(X)tanh(X) is (-2) and for
L, the lowest one, (-1), obtained for the

eigenfunction 1—tanh® X . As we can see for L,

we reach into a bright soliton solution and for
L, we obtain a dark soliton solution, which are the

perturbed eigenfunctions and we can use them to
guaranty the stability of soliton in this system. In
this case we did not expect to have a look like
bright soliton solution but in this method we have a
perturbed eigenfunction which can help us to get
into a condition for the stability of propgating a
dark soliton in the P7-symmetric coupler.

(13)

(14)
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3 Conclusion

In this paper we obtain analytical solution of
coupled NLS with nonlinearity in P7-symmetric
potentials in a coupler with gain in one waveguide
and loss in the other one. The stability of these
solutions is tested by analytical analysis with
perturbation method. Evaluating perturbation
analytically shows that perturbations which
guaranty the stability are in two forms of bright
and dark solitons. However the usual solutions of
noncoupled equations are only dark solitons and
for a bright solution, only a bright soliton
perturbation satisfies the stability.
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